
 

Abstract— This paper presents Multi-Objective Particle 
Swarm Optimization (MOPSO) algorithm to find the optimal 
solutions of VAr expansion problem considering the 
enhancement of Available Transmission Capacity (ATC). The 
aim is to obtain an optimal allocation of FACTS devices that is 
optimal in terms of minimizing the total cost and maximizing the 
amount of ATC. Violation of desired system security constraints 
is considered as a penalty cost which is calculated during normal 
and contingency states where corrective and preventive controls 
are utilized to mitigate voltage collapse and minimize the amount 
of load shedding. However, installation of FACTS devices is 
proved to improve ATC, on the other hand it increases the 
investment cost which conflicts with the objective function of the 
VAr expansion problem. MOPSO approach based on Pareto 
optimality is proposed to find a set of possible optimal solutions. 
The proposed approach has been successfully tested on IEEE 14 
bus test system. 
 

Index Terms— Available Transmission Capacity, Multi 
Objective Particle Swarm Optimization, VAr Expansion, Voltage 
security 
 

I.  INTRODUCTION 
Optimal reactive power (VAr) expansion problem involves 

allocation and determination of the types and sizes of the new 
installed reactive supplies in order to optimize an objective 
function while satisfying system operation constraints. This 
problem has been solved using optimization methods and 
algorithms with different objective functions. The main 
presented objective functions are system loadability 
maximization [1], overall operation cost minimization [2], 
congestion management [3] and others. Zhang et al., in [4] 
reviewed various objectives, constraints and algorithms of 
reactive power planning problem. Most of the mentioned 
works do not consider voltage security constraints and system 
operation and investment costs in an integrated formulation. 
An integrated voltage security reactive power planning 
considering investment costs is presented in the previous work 
of the authors in [5]. The proposed problem is formulated as a 
large-scale mixed integer nonlinear programming which has 
been solved by well-known heuristic methods. 

The main objective of the proposed optimal VAr expansion 
problem is to minimize total cost, while satisfying desired 
system security constraints during normal and contingency 
states. Total cost includes installation costs of new VAr 
devices and operation costs. To maintain desired system 

security level, corrective and preventive controls are utilized 
to mitigate voltage collapse and load shedding. To minimize 
the investment cost, a combination of cheap and expensive 
devices concerning their performances is proposed. Fast 
devices which are expensive are used during corrective 
control to quickly return the system back to stable operation 
point. Then, other slow devices which are cheaper are utilized 
during preventive control. Details of the experiments on this 
problem can be found in [5]. 

Meanwhile, installation of FACTS devices is proved to 
improve Available Transmission Capacity (ATC). ATC is 
defined as a measure of the transfer capability in the physical 
transmission network for transfers for future commercial 
activities over already committed uses [6]. As a result, power 
suppliers will benefit from more market opportunities with 
less congestion and enhanced power system security. In other 
hands, because of tight restrictions on the constructions of 
new facilities due to economic, environmental and social 
problems, it is important to ascertain the optimal allocation of 
new installed VAr devices. Recently, various heuristic 
methods have been adopted to enhance ATC by installing 
optimum number of FACTS devices [7-8]. 

Several methods for optimal allocation of VAr devices to 
minimize total cost and maximize ATC has been proposed but 
to the best knowledge of the authors, an integrated approach 
to find simultaneously the optimal solution considering both 
objective functions has not been reported. To do so, the single 
objective VAr planning problem introduced in [5], is 
upgraded and enhanced to a multi objective optimization 
problem. Total cost of the optimal VAr allocation and the 
amount of ATC are defined as the objective functions in this 
paper. 

Optimizing several objective functions simultaneously 
which are sometimes even non-commensurable and 
conflicting with each other, is done by multi objective 
optimization methods. These methods are able to find multiple 
optimal solutions rather than only one local optimal solution. 
To solve multi-objective optimization problems, several 
methods have been proposed. They are mainly categorized as 
classical and evolutionary methods [9]. 

It can be seen that recently evolutionary multi-objective 
optimization methods have been used in solving power system 
problems due to their nice feature of population based search 
[10]. In this paper a MOPSO algorithm is used which allows 
the conventional PSO algorithm to be able to deal with 
multiple objective functions. It has been reported that the 
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MOPSO algorithm outperforms other evolutionary multi-
objective optimization methods [11]. 

The paper is organized as follows. Section 2 introduces the 
main concepts of multi-objective optimization. Problem 
formulation is the subject of Section 3, which itself is divided 
into three parts: describing the VAr expansion problem, ATC 
problem and the solution method for the overall problem. 
Section 4 is devoted to simulation results and illustrates the 
simulation results on IEEE 14 bus system. The last section 
offers concluding remarks and future perspectives. 

 

II.  MULTI-OBJECTIVE OPTIMIZATION 
Many real world problems involve simultaneous 

optimization of several objective functions. Generally, these 
objective functions are non-commensurable and often 
conflicting. Solving such conflicting objective functions give 
rise to a set of optimal solutions, instead of one optimal 
solution. The reason for the optimality of many solutions is 
that no one can be considered to be better than any other with 
respect to all objective functions. These optimal solutions are 
known as Pareto-optimal solutions. A set of Pareto solutions 
is called Pareto set and its image on the objective space is 
called Pareto-front [9]. 

To solve multi-objective optimization problems, several 
methods have been proposed. They are mainly categorized as 
classical and evolutionary methods. Classical methods have 
been around for last four decades. A list of a few commonly 
used classical multi-objective optimization methods can be 
found in [9]. Evolutionary algorithms mimic natural 
evolutionary principles to constitute search and optimization 
process. Comparing these two methods indicate that 
evolutionary methods outperform classical methods in many 
aspects. 

GA, Strength Pareto Evolutionary Algorithm and Multi-
objective PSO (MOPSO) are main multi-objective 
evolutionary optimization methods. A comparison of several 
multi-objective evolutionary optimization methods is 
addressed in [12]. 

In this paper, MOPSO is used to solve the proposed 
optimization problem and explained in the following section. 
 

A.  Multi-objective PSO 
PSO is a kind of evolutionary algorithm, which is basically 

developed through simulation of swarms such as flock of 
birds or fish schooling [13]. Similar to evolutionary algorithm, 
PSO conducts searches using a population of random 
generated particles, corresponding to individuals (agents). An 
important difference between PSO and evolutionary algorithm 
is the fact that PSO allows individuals to benefit from their 
past experiences whereas in an evolutionary algorithm, 
normally the current population is the only “memory” used by 
the individuals. Each particle is a candidate solution to the 
optimization problem which, has its own position and velocity 
represented as x and v. 

Searching procedure by PSO can be described as follows: a 

flock of agents optimizes an objective function. Each agent 
knows its best value (pj

i), while the best value in the group 
(pj

i,g) is also known. New position and velocity of each agent 
is calculated using current position and best values pj

i and pj
i,g 

as below: 
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Where, w is called inertia weight; r1 and r2 are random 

numbers between 0 and 1; c1 and c2 are called cognitive and 
social parameter respectively and are two positive constants 
between 1 and 2. 

In the Multi Objective PSO, a set of non-dominated 
solutions must replace the single global best individual in the 
standard single objective PSO case. In addition there may be 
no single local best individual for each particle of the swarm. 
Choosing the global and local best to guide the swarm 
particles becomes nontrivial task in multi-objective domain. 
There exist several MOPSO methods which suggest different 
approaches to find the best guides for each particle in the 
swarm. Among these methods, it has been reported that sigma 
method has a good feature in finding solution for two 
objective functions [11]. Therefore, in this paper, MOPSO by 
sigma method is used. 

B.  Sigma method 
This method was proposed by Mostaghim and Teich to find 

the best local guide for each particle [11]. In this method, first 
a value σi is assigned to each point with the coordinates of 
(f1,i,f2,i) in which all the points on the line f2=af1 have the same 
value of σi. σi is defined as follows: 
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Therefore, all the points on the line f2=af1 have the same 
values as σi =(1-a)/(1+a).  

For the problem with m objective function, σ is a vector of 
elements in which each element of σ is the combination of 
two coordinates in terms of (3) as below: 
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Using the basic idea of Sigma method and by considering 
the objective space, finding the best local guide (pj

i,g) among 
the archive members for the particle j of the population is as 
follows: in the first step, the value σk is assigned to each 
particle k in the archive. In the second step, σj for the particle j 
of the population is calculated. For each particle j, the archive 
member k which its σk has the minimum distance to σj is 
selected as the best local guide for particle j during iteration i 
(pj

i,g =xk). In the case of two-dimensional objective space, 
difference between the sigma values of two particles indicates 



 

the distance between them; in the case of m-dimensional 
objective space, the m-Euclidian distance between the sigma 
values is considered as the distance between the particles. 
Figure 1 shows how the best local guide can be found among 
the archive members for each particle of the population for a 
two dimensional objective space. 
 

 
Figure 1:  Finding the best local guide for each particle of the population 
using the Sigma method 

When two σ values are close to each other, it means that 
the two particles are on two lines which are close to each other. 

 

III.  PROBLEM FORMULATION 

A.  Reactive Power (VAR) Expansion Problem 
In general, VAr planning problem aims to optimize a 

specific objective function while considering variety of 
operating constraints. In this paper, minimizing total cost 
while satisfying desired system security constraints during 
normal and contingency states is considered as the main 
objective function of the VAr expansion problem. Total cost 
includes investment costs of new installed VAr devices, 
operation costs and system control costs. The cost effect of 
new installed VAr devices is evaluated in each possible state 
in power system transitions during base case and when 
contingencies happen. 

It is assumed that the system is in normal operation state 
with minimum operation cost and desired security levels. 
After contingency k happens with probability α, corrective 
and preventive controls are utilized to return the system back 
to the desired secure operation point. Fast and slow VAr 
devices are being utilized in corrective and preventive states. 
SVC (Static VAr Compensator) and SC (Series Compensator) 
are considered as fast and slow devices, respectively. Load 
shedding is also considered as an expensive fast control 
during corrective control state. 

The concept of Preventive/Corrective Control is illustrated 
in Fig.2. If the contingency k causes negative load margin, the 
fast devices in corrective state react to move the system into a 
voltage-secure operating point; moving from point (k)B  to C(k) 
in Fig.2. Controls in this state consist of fast control devices 

and load shedding which are expensive. After the fast 
corrective control, voltages may be violated and load margins 
are too small, and then the preventive control is activated to 
obtain adequate load margin i.e. moving from point C(k) to 
D(k). Slow devices, as well as fast devices, can be utilized 
during preventive control in this state. Therefore, reliability of 
the system operation is guaranteed after corrective and 
preventive control. 

In this paper, we will compute optimal VAr allocation for 
the slow and fast devices so that the system will transfer 
directly from base case to corrective control state very quickly 
and from corrective control state to preventive control state 
smoothly to keep pre-specified load power margins for 
corrective and preventive states. 

after contingency

 
Figure 2:  PV Diagrams for Corrective/Preventive states 

Main objective function which is the total cost may be 
formulated as (5). It is the sum of total investment cost and 
total operating cost. The total operating cost is the summation 
of operating costs which consist of expected costs of base case 
and control states during normal and contingency situations, 
respectively. 

 
opIttotal FFFMinimize +=:             (5) 

Subject to: 
1) Investment constraints max,,0 ItiSCiSVC CCC ≤≤  

2) Operation constraints (load flow constraints) 
  
Cisvc and Cisc are the capacity of the installed SVC and SC in 

bus i in KVAr and CIt,max is maximum VAr compensation of 
SVC and SC. 

FIt is the annual value of the total investment cost of slow 
and fast devices which is calculated based on data provided in 
[14] and the capital recovery factor as (6). 
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In the above equation ir and Dy are interest rate and life 
period of VAr devices, respectively. Ω is the set of all 
candidate sites, μisvc and μisci are the investment costs of SVC 
and SC in $/KVAr. 



 

The second term in (5) is the operating and control cost 
which includes the costs during base case, corrective and 
preventive control states taking into account the probability of 
contingencies and is formulated as (7). 
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In which, α(k) is the probability of contingency k. FA is base 
case operating cost, FC

(k) and FD
(k) are corrective and 

preventive control costs for contingency k, respectively. The 
cost functions of the corrective and preventive controls after 
each contingency include the cost of load shedding, control 
cost for reactive powers and the cost of voltage collapse and 
are formulated as follows. 
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Where, 
Sc,l  amount of load shedding 
μs,l      cost for unit load curtailment. 
μC,j     control cost coefficient for fast device j 
μD,j     control cost coefficient for slow device j 

μp,i     control cost coefficient for VAr controls 

c   control parameter vector of VAr devices 
p   control parameter vector excluding VAr devices 
 
In equations (8) and (9), the indexes A, C and D stand for 

base case, corrective and preventive control states, 
respectively. The objective functions of corrective and 
preventive states are to minimize the total control cost 
considering the probability of the contingency k (α(k)) and are 
formulated as (10) and (12) subject to operating constraints 
(11) and (13), respectively. 
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Optimal operating points in base case, corrective and 

preventive states are obtained by a Successive Linear 
Programming (SLP) optimization algorithm. Objective 
function of each sub-optimization problem is minimization 
of operating costs considering system security constraints 
which, details are explained in [5]. 

 

B.  Available Transmission Capacity (ATC) 
 

The basic idea in the ATC calculation is to determine the 
maximum amount of power that a transmission system can 
transport, in addition to the already committed transmission 
services without the violation of transmission constraints for a 
given set of system conditions [6]. Based on the ATC 
definition, it can be formulated as an optimization problem in 
(14) to maximize the value of λ. 
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Where: 
 
λ          scalar parameter representing loading level  
x =[PG; QR; v]T   all state variables vectors 
PG =[PG1,…, PGn]T active power vector in each node 
QR =[QR1,…, QRn]T reactive power vector in each node 
v =[v1, …, vn]T   bus voltage vector 
i, j       node number 
n        total number of all nodes 
f(x ,λ )       extended load flow equation 
y0(x)       node injected power vector 
g(x)       power flow equation 
*, *        upper and lower limit value 
SR        set of reactive power sources 
SG        set of active power sources 
ydP, ydQ                    specified change in active, reactive power 
       injection 
yd = [ydP; ydQ]T         change direction vector of node injected 
     power 
 

The ATC between two areas or two points can be 
calculated, by appropriate specification of yd according to the 
above mentioned formulation. 
 

C.  Overall problem 
The overall problem is formulated as a nonlinear 

constrained multi objective optimization problem with two 
objective functions. Total cost of optimal VAr expansion 
problem and ATC enhancement are the objective functions. 
So the overall problem would be a min-max optimization 
problem. 

Since the Sigma method can only work on the positive 
values of the objective space, all the test functions must have 
positive values. Therefore, in this paper without loss of 
generality it is assumed that f2=K-ATC where, K is a positive 
constant parameter. Assuming this, the overall problem would 



 

Begin 
INPUT: Initial parameters (system and load data) 
OUTPUT: Pareto optimal solutions 
Step1: t=0 
Step2: Initialize random population Xt 
Step3: Initialize v=0; pt=X, At= [] 
Step4: At+1=Update (Pt, At) 
Step5: Pt, g=Find_global_best (At, Xt) 
Step6: vt+1=wvt+c1r1 (pt-Xt) +c2r2 (pt,g-Xt) ; Xt+1= Xt+vt+1 

Step7: Evaluate (Xt+1) 
Step8: Pt=Find_local_best (At, Xt) 
Step9: Unless a stopping criterion is met t=t+1 and goto step4 
End 

be a min-min optimization problem which is solved by a 
MOPSO algorithm. Fig.3 shows main algorithm of the 
proposed MOPSO method. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3:  Main algorithm of the proposed MOPSO method 

In figure 3, function Evaluate, evaluates the particles in the 
population Xt, which it means calculating the objective 
functions for each particle. Function Update, updates the 
archive members by removing the dominated members and 
keeping the non-dominated ones. Selecting the global best 
partcile (pt

i,g) for each partcile is done in Find_global_best 
function using Sigma method. Based on dominancy concept, 
the local best particle (pt

i) for each particle is updated by the 
function Find_local_best in each iteration. pt

i is like a memory 
for the particle i and keeps the non-dominated (best) position 
of the particle i. If neither pt

i nor particle i dominates each 
other, local best particle can be either of them, which is 
usually selected by random. 

 

IV.  SIMULATION RESULTS 
To validate the efficiency of the proposed algorithm, it has 

been examined on IEEE-14 bust system. In VAr expansion 
problem, the base case is defined by stressing the system to 
158% of the original load. The parameters used for the system 
are given in [5]. The life period of VAR control devices (Dy) 
and the interest rate (ir) are assumed to be 10 years and 0.04, 
respectively. 

Although all the contingencies can be considered, to reduce 
the calculation time only the three severest contingencies have 
been considered. In this simulation, contingency is considered 
as the outage of single line of a double parallel line. The 
capacities of slow and fast devices are assumed discrete 
numbers between 0 and 0.3 in which the step size is 0.02. 
Each particle which is a solution for the optimization problem 
is the place and size of installed VAr devices. In these 
simulations, the constant parameter K is assumed 1.5 which 
means the value of ATC is equal to 1.5-f2. 

The parameters of the PSO are assumed as w=0.1, c1=c2=2, 
itermax=200, in which itermax is the maximum number of 
iterations. Population size is considered 30. The values of the 
PSO parameters are selected based on some trial and error. 
Proper parameter initialization leads to better convergence and 
variety in optimal Pareto front solutions. 

Table 1 shows the minimum bus voltages and load margins 
for three contingencies before and after VAr expansion. It can 
be seen that before VAr expansion for the first contingency, 
load margin becomes negative which results in voltage 
collapse. After VAr expansion due to sufficient VAr sources 
installation minimum desired load margin is obtained. 
 

  Before VAr Expansion After VAr Expansion 

  Minimum 
Voltage 

Load 
Margin 

Minimum 
Voltage 

Load 
Margin 

Cont.1 0.604 -0.037 0.952 0.2 
Cont.2 0.583 0.014 0.946 0.23 
Cont.3 0.605 0.038 0.956 0.2 

 
Table 1:  Minimum bus voltages and load margin for different 
operation conditions. 

Table 2 shows the value of ATC and total cost before and 
after VAr expansion. Operating condition for all patterns are 
the same. Each solution is an installation pattern in which the 
number inside () indicates capacity of the installed device in 
the candidate bus. For example 9(0.02) means that a 0.02pu 
VAr device is installed at bus number 9. The value of ATC is 
in pu and indicates the amount of ATC from bus 2 to bus 12 
for all installation patterns. Total cost in table 2 is in 104$ for 
all patterns which includes installation and operations costs. 
Pattern 1 is before VAr expansion and patterns 2 to 5 are 
typical obtained optimal solutions. Comparing the amount of 
ATC and total cost for pattern 1 and the others, indicates that 
optimal VAr expansion results in considerable cost saving and 
also ATC enhancement. 
 
 

Pattern 
Code SVC SC ATC Total 

Cost 
1 0 0 0.489 655.1 

2 12(0.28),13(0.1) 11(0.08),14(0.28) 0.797 119.9 

3 12(0.28),13(0.21) 11(0.2),14(0.28) 0.884 131 

4 12(0.28),14(0.23) 11(0.26),13(0.28) 0.911 148.9 

5 12(0.3),14(0.26) 11(0.3),13(0.3) 0.946 157.6 

 
Table 2:  Pareto optimal VAr expansion patterns. 

As shown in table 2, when the value of ATC increases, the 
total cost also increases. Here, the main objective is to 
minimize total cost and maximize ATC. To ease the decision 
making process, a set of optimal solutions rather than only one 
solution is presented. The best compromise solution among 
the Pareto fronts can be selected by the system planner based 
or Fuzzy rules. Figure 4 illustrates the Pareto optimal front for 
the optimization problem after 200 iterations. 
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Figure 4:  Pareto optimal solutions after 200 iterations. 

V.  CONCLUSIONS 
In this paper, reactive power expansion problem is treated 

as a multi objective optimization problem with two conflicting 
objective functions: (1) total cost including investment and 
operation costs, (2) amount of ATC. A Multi Objective 
Particle Swarm Optimization approach has been introduced in 
which candidate solutions are the size and place of new 
installed VAr devices. Solutions of the optimization problem 
enhance the amount of ATC, reduce installation and operation 
costs, and mitigate any system security constraints violation 
under normal and contingency states. 

The proposed approach has been successfully tested on 
IEEE 14 bus test system. The results indicate that the 
proposed approach is efficient for solving the proposed multi 
objective optimization problem where multiple Pareto optimal 
solutions can be found in one simulation run. As future work, 
clustering techniques are being developed to improve the 
diversity and distribution of the solutions and application of 
other heuristic techniques to solve the problem is under 
investigation. 
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